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E"^ ' Abstract 

*z: . 

, Wc explicitly evaluate a special type of multiple Dirichlet i-values at positive integers 

' in two different ways: One approach involves using symmetric functions, while the other 

involves using a generating function of the values. Equating these two expressions, we derive 
several summation formulae involving the Bernoulli and Euler numbers. Moreover, values at 
non-positive integers, called central limit values, are also studied. 
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m ' 
<N 

^ . Let d E N, si,...,Sd E C and fi,---,f d be certain arithmetic functions such as Dirichlet 

characters. In this paper, for each uj E {•,*}, we study the multiple L-function 



1 Introduction 



, w , . f ,_ ST h( m i) ■ ■ ■ fd{m d ) 

H ' (mi,...,m d )eli 



rrii ■■■ m. 



where 1% := lim M ^+oc 1% (M) with 

p>( M ) . = U(mi,...,m d ) E N d |mi < • • • < m d < M} (w = •), 
\{(mi,...,m d ) E N d |mi < ••• < m d < M} (w=*). 

In particular, when /j = 1 for all j where 1 is the trivial character, we write as an d 
call it the multiple zeta function (Q is often called the multiple zeta-star function or the non- 
strict multiple zeta function). Moreover, when d = 1, we write L(s; /) = Lf(s;f), whence 
L(s; 1) = C(s) where C(s) is the Riemann zeta function. 

Let {x} d be the d-times copy of the variable x. Though it is, in general, difficult to evaluate 
the value {k\ , . . . , k d ) for given positive integers ki,...,k d , there are many explicit results 
concerning the values Q{{2k} d ) (see [6, 7, 17, 23, 29, 31] for the case u = • and [22, 25, 26] for 
u = *). Let x be a Dirichlet character and k an integer with the same parity as that of x- The 
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purpose of the present paper is, as a generalization and unification of the above results, to obtain 
explicit descriptions of the values L^({n} d ; {x} d ) from a symmetric functions' viewpoint. That 
is, we evaluate the values L'({ft} d ; and L^({/c} d ; {x\ d ) as specializations of the elementary 

and complete symmetric function, respectively. 

When k is positive, we do this in the following two distinct ways: In the first method, making 
use of the relations among the above symmetric functions and the power-sum symmetric func- 
tion, we express the values L ( d ) ({n} d ; {x\ d ) in terms of a sum over partitions of d (Theorem 2.1). 
In the second method, we consider a generating function of L^({K,} d ; {x} d )- From the product 
expressions of the generating function, we show that L^({K} d ; {x} d ) can be expressed in terms 
of which is defined by a finite sum involving the multinomial coefficients and roots 

of unity (Theorem 3.4). As an application, in Section 4, equating the two expressions, we give 
several summation formulae involving the Bernoulli numbers B n and the Euler numbers E n . It 
should be noted that some of these (formulae (4.4), (4.5) and (4.9)) can be regarded as solutions 
of a kind of "inverse problem", as previously studied in [15] (see also [12]), for the sequences 
B 2k and E 2k . 

Moreover, we also study a special value, called a central limit value (see [2, 3]), of the function 
L^(si, . . . , Sd] {x\ d ) at si = • • • = Srf = —k where k is a non-negative integer. Note that such 
a value can be defined because L^(si, . . . , s^, {x} d ) admits a meromorphic continuation to the 
whole space C d . We then obtain formulae that extend the well-known expressions concerning 
the value L{— k, x) of the usual Dirichlet L-function (Theorem 5.1). 

In the final section, we discuss some generalizations of L^, and also give questions for the 
future study. 

Note that, for completeness and the reader's convenience, we restate or briefly prove the 
corresponding results for x = 1- 

Throughout the present paper, we use the following notation for Dirichlet characters: Let x 
be a Dirichlet character modulo N. Denote by x' the primitive character that induces Xi N(x) 
the conductor, e(x) £ {0, 1} the parity, i.e., x(~ 1) — ( — l) e ^ (we call x even if e(x) = and 
odd otherwise), r(x) := Yl a =i x( a ) e N the Gauss sum of x an d Bn,x ^ ne generalized Bernoulli 
number associated with x defined by Y2a=i X e A^_!i = Yl^=o B n ,x^r ■ Note that B U) \ = B n 
and -B n ,x-4 = — \nE n _\ where X-4 is the primitive Dirichlet character modulo 4. Further, for 
simplification, we always write K = n(k, x) '■= 2fc + e(x) with k G Z. 

2 Multiple L-values via the symmetric functions 
2.1 Symmetric functions 

Let A = (Ai,A2,...) be a partition. We write A h d if A is a partition of d, that is, |A| := 
J2j>i = d an d put ^(A) := max{j | Xj / 0} (the length of A) and m^(A) := #{j \ Xj = i} (the 
multiplicity of i in A) as usual. We denote by A Q (resp. A e ) the partition whose parts consist of 
all the odd (resp. even) ones of A and set e\ := (— 1)I A I~^( A ) and z\ := rij>ii mj< ' A ' )771 j(^)" 

For a partition A = (Ai, A2, . . .), the elementary symmetric function e\, the complete sym- 
metric function h\ and the power-sum symmetric function p\ in x = (x\, x 2 , ■ ■ ■) are respectively 
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defined by e x (x) := rij>i h\(x) := Hj^hx^x) and p\{x) := Hj^px^x) where, for 

r £ N, 



oo 

r 



e r . ^ ^ ■ ■ ■ ^"n r i h r . ^ ^ ^Cni ' * ' %n r and p r . — ^ 

ni<-<n r m<— <n r n=l 

Put v* := e^, := /ia, := £ai ^a := 1> e » := — ^ anc ^ e * := ^- Then, for each uj £ {•,*}, we 
have 



This follows from the following identities of the generating function of vfy (x) (for further details, 
see the proof of (2.14) and (2.14)' in [19, p. 25]); 

OO OO OO OO a; 

(2.2) Y,^/ = II( 1 - x nty s - = ex P (^ £ - Pn e) = f p *Y- 

d=0 n=l n=l d=0 fj,hd M 

2.2 Evaluation formula I 

For a partition [i = (m, fi2, ■ ■ ■) and a, b £ Z satisfying a/i^) + 6 > 0, let Xa» := (x^ 3 )' f° r 
1 < J < ^(m) and set 

5 j 

%(x)--=U N (4r^ ^( X ):=^e(xi), ^(X)==II T (4) and ^Wx == II T^X^T - 

j=l j=l j=l j=l \ >■ 

We similarly put B afl+h := ]\f=i ( a l]+b)\ and := Ylf=i {a^+b)\ ■ Mor eover, set 

a x( s ) '■= II (! - x'(p)p~ s ) and W^(s; x) := H ayj 

p:prime J — 1 

p|iV,pfiV(x') 

Using these definitions, we obtain the following theorem: 

Theorem 2.1. Let x be a Dirichlet character modulo N and k = 2k + e(x) > 1. Then, we have 

Proof. We first recall the case d = 1 (see, e.g., [24]). If x is primitive, then we have 
(2-4) L(«;x) = (_l)^-^lM(4L_) K ^I. 

Otherwise, from the Euler product expression, we have L(k;x) = o x (k)L(k; x') • Hence, in this 
case, the claim (2.3) clearly holds. 
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Now, let d >2. Specializing x n = x( n ) n s with Re (s) > 1, we have 

(2.5) vf d) (x)=L^({s} d ;{ X } d ) and p [d) (x) = L(ds; /). 

Note that these series also converge for s = 1 if x is n °t principal (see [4]). Then, from expression 
(2.1), we have 

(2.6) L d ({s} d ; { X } d ) = E f II L ^ ) = E f W ^ X) U xj)- 

fihd M 3=1 fihd P j=l 

We here put s = n = K(k,x) > 1- Notice that e(x^t) = e(x)^j ( m od 2) because (— l) e W) — 
xi(-l) = x(~l) H = (-l) e(x) ^ , and hence 



(2.7) Kfij = K(k,x)Vj = < 

Therefore, from equations (2.4) and (2.7), we have 



n(kfij,xl) ife(x)=0, 
K^kfij + 4r, xji) if e(x) = 1 and jjbj is even, 
^(kfij + ^2—, Xm) ^ e (x) = 1 anci M/j is °dd. 



(2.8) L 



^'^" ( 1} 2 W)J (^.)! 



Substituting expression (2.8) into equation (2.6), we obtain the desired formula. □ 
2.3 Examples 

For a partition fi, we denote by n^'->a ( res P- n^'>a) the product over all 1 < j < £(fi) such 
that fij is odd (resp. even) and fij > a. In particular, we omit the condition "/ij > a" if a = 1. 

2.3.1 Principal Dirichlet characters 

Let Xi be the principal Dirichlet character modulo N. Note that k = re(fc,Xi ) = 2fc. 
Corollary 2.2. It holds that 

(2.9) ^({2^;{xr ) } d )=(-l) M 2 2M (E^ i 1 ^( II if (l " P" 2 ^))^}^. 

L /ihd ^ p:primo j = l J 

p| JV 

/n particular, we have L^({2k} d ; {xi* ) } d ) G Qvr 2M . 

Proo/ Since ( x f>)£ = 1 for all 1 < j < we have A^x^) = 1, ^(xi^) = 0, r M ( X f } ) = 1 
and 5 (at) = B2ku- Hence the claim follows immediately from expression (2.3). □ 
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Example 2.3 (The case \ = Xi = !)• For k = 2k with k G N, we have 

(2.10) ({2*}") = L2({2fc} d ;{l}<*) = (-l)"^/^ J^JT^* An 2kd . 

K fji-d ^ ) 

The expression (2.10) for u = * gives the result obtained in [25]. 

(2) 

Example 2.4 (The case X = Xi )• F° r k = 2k with A; G N, we have 



(2.11) ^({2fc} d ;{x? ) } d ) = (-l) fc 4E^ ( 'l^jMf^l l) B 2k X^. 



2.3.2 Primitive real Dirichlet characters 



For a fundamental discriminant D, let xd be the associated primitive real Dirichlet character 



I— sgnD 



modulo \D\ defined by the Kronecker symbol (— ) (see [30]). Note that e(x£>) = e(D) := — ^ 
where sgnD is the signature of -D, whence k = n(k, xd) = 2k + e(D). 

Corollary 2.5. It holds that 
(2.12) L^{{K} d -{ X D} d ) 

n^Jy ^ (-i)^-h^) nf(i -p-^ ) 



7T . 



Proof. Since xr> is real, we have (xd)Il = 1 if //j is even and xd otherwise. One can therefore 
obtain the formula by using the well-known property t{xd) = i e ( D '\D\z. □ 

Example 2.6 (The case x = X-a)- For k = 2k + 1 with k G Z>o, we have 



(2.i 3 ) m^ix^) = Ef— — 



red 



Remark 2.7. For a non-principal Dirichlet character x, it is known that L(l,x) ^ (see, 
e.g., [30]). However, in general, it does not seem to be the case that L^({l} d ; {x} d ) / for 
d > 2. In fact, when u = •, we can obtain the following example of a pair of d and x such that 
{x} rf ) = (although we were not able to derive a similar result for the case u> = *): 

m/f ,9 r ,9\ 1-1-11 1 -1-1 1 

^({i} 2 ;{x-8} 2 ) = T ^ + T ^ + T ^ + rT} + FTr + rT§ + r ^ + rT7 + --- 

-i-ii i -l -l i 

+ 77"^ + 77^7 + 77"^7 + 77— 7T + 77—77 + 77— 7T + 77" 77Z + 



-1 


+ 


1 


+ 




1 


+ 




-1 


+ 




-1 


1 • 7 


1-9 


1 


• 11 


1 


• 13 


1 


• 15 


-1 


+ 


1 


+ 




1 


+ 




-1 


+ 




-1 


3-7 


3 • 9 


3 


• 11 


3 


• 13 


3 


• 15 


1 


+ 


-1 


+ 




-1 


+ 




1 


+ 




1 


5-7 


5 • 9 


5 


• 11 


5 


• 13 


5 


• 15 



-1 

+ 7^7 + 7^7 + IT— ~ + 7^—77 + 77 — 7~77 + 77—= + 



+ ••• 

In the last equality, we have used the facts B 2 = g and B\^ x% 
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2.4 g-Analogues of the multiple L-functions 

Let < q < 1 and [n] q := -yqr- Defined a q- analogue Lfj d of L d by 

ru f , f s ST hi™i)q mi{s ^ l) ■ ■ ■ fd{m d )q m ^-V 

{mi,.,m d )el% [milq [mdlq 

Similarly to the case for L d (or q = 1), we write L^ d as C^ d if fj = 1 for all j and L q (s; f) = 
Lqi(s;f). The function L^ d is a natural extension of the ^-analogue of the Riemann zeta 
function ( q (s) := L q (s;l) studied in [16] (see also [18]). Many relations among the values Q£ d 
at positive integers have been studied; see, e.g., [9, 10, 28, 33] for the case uj = • and [27] for 
uj = -k. Specializing x n = x{ n )'f l( " s ~ 1 \ n \q S with Re (s) > 1 in equation (2.1) and using 



(2.14) vf d) ( X ) = Ll d ({s} d ;{ X } d ) and p (r) (x) = £ ( d 1 Vl - q) 1 



</ 

\l-qYL q (ds-l;x d ), 



we obtain the following expression which gives a ^-analogue of expression (2.6). 
Proposition 2.8. It holds that 

(2-15) Ll d ({sY;{ X Y) =EfU E TV (l-#^(^-^;X W )- 

□ 

It may be noted that a recursive expression of C q d(i s } d ) was obtained in [9, Theorem 1]. 

Remark 2.9. Let (P,Q) = (L',L*) or (L*,L*). Then, for d > 1, it is straightforward to 
obtain from equation (2.2) that £ a , b >o (-l) a P a ({s} a ; {x} a )Qb({s} b ; {x} b ) = (here we under- 

a-\-b—d 

stand that (L ul ) c = and (L q ) c = L qc ). Further, one can obtain more explicit relation between 
Pa({s} a ; {x} a ) and Q b ({s} b ; { X } b ). In fact, for any (P, Q) G {(L«, V), (L*, L% (L«, L*), (L*, L q )}, 
it holds that 

(2-16) ft(W d ;W d ) =E e ^nQw(W w ;{xF0- 

/ihd j=l 



This follows from the relations e^) = S/xhd £ n u nhfj, an d fyd) = S/xhd e n u ^ e ii ( see [19; Exam- 

\mi((i), m2((i),. 



pie 20, p. 33]) together with relations (2.5) and (2.14). Here, we put u M := ( m , \ ) where 



( 6 ) (re = a + 6 + • • • ) denotes the multinomial coefficient. 

3 Multiple L-values via generating functions 
3.1 Product expressions of generating functions 

The second method to evaluate the value L d ({n} d ; {x} d ) is well-known for the case x = 
Namely, we start from the following identity which is obtained by specializing x n = x{ n ) n ~ 
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and replacing t by t K in the generating functions (2.2): 

(3.i) £4^(M d ;M d )^ = n( 1 " ^ 

d=0 n=l 

The right-hand side of equation (3.1) can then be written as follows. 
Proposition 3.1. It holds that 

<-> n(i-^)=n(i-£)=n^. 

n=l n=l i=l ^« 

(3-3) no- 2 ^ =ni-^iF =n«(^) 

n=l n=l v y i=l 

for k £ N and, /or a Dirichlet character x modulo N > 3, 

<"> n (i - ^) = tiv-2"-')*- n n*° T(i = #^ 

n=l j=l 1=1 



2iri 



Here, Cm '■= e m for m G N and iV := [ 2 j with [x\ being the largest integer not exceeding x. 
In equation (3.4), we take the argument of xU) satisfying x(j) ^ to be < argxC?) < 2tt. 

We need the following lemma (see [11, Example 11, Chapter VI, p. 115]). 

Lemma 3.2. For aj, bi G C (1 < z < Z) satisfying Yl\=i a i = S!=i we ^ai>e 

(n + ai)---(w + aQ r(l + bj) • • • T(l + bj) 
1 " 1 L}i (n + b 1 )---(n + b l ) r(l + ai )--.r(l + ai)- 

□ 

Proof of Proposition 3.1. Let N > 3. By the periodicity of the left-hand side of equation 
(3.4) equals 

, 36 , fr^Vi - (jv - i))f ]_nn' (-¥r- xOKjr 

<3 ' 6) H l\ V ~ (nN-(N- j)r I ~ 11 11 



_oo_ T-fW-l T-fK ( m N-j+x(j)*Clt 



n; v = vnr = i(^ 



(ffr(i)) K n 1 nr(^4^)- 1 . 



J=l J=l i=l 

In the last equality, we have used formula (3.5) (it is easy to check the condition in Lemma 3.2 
from Ylj=i x{j) = when k = 1 and Yli=i Ck = otherwise). Note that Ylj=xT(jf) = 
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(Af- 1 (2vr) Ar - 1 )5 by the Gauss-Legendre formula r(Afa)(2vr) i V = N Na ~^ Hf^ 1 T(a + fa) with 
a = 1. Further, the double product in the final right-hand side of (3.6) can be written as 

nr(i^)-»ftr(^i)-'r r-i-y-^ )-', 

1=1 3=1 

where 5n := 1 if iV is even and otherwise. Notice also that x(y) = for even N > 3 and 
x(N — j)~( l K = — x(i)*C«~ ft if < argx(i) < vr and — x(j)"Cji?~ k otherwise. Therefore, using the 
formula = y^F and replacing Z ± A; in <^. ±fc by Z, we see that the above expression is equal to 

ft n r (^fi*) "'r (i - iz2^!) - II II 

z=ij=i z=ij=i 

Here, we have used the reflection formula r(x)r(l — x) = sin J nx ^ and the equality —^-k — Nk = 
— ^ 2 ^ k. Hence, substituting the above expression into (3.6), we obtain the desired formula. 

The equations (3.2) and (3.3) are easily obtained from the infinite product expressions 
^ = IE°=i(l " £) and 008(f) = UZ i(l " (2^), respectively (see [23] for (3.2)). 
This completes the proof. □ 



3.2 Evaluation formula II 

Let a £ -nli. For to £ {•,*}, we define the sequences {T£(a)} n >o by the expansions 

(3.7) sin(a + t) = Vr*(a)— and cosec (a + t) = V T*(a) — . 

z — ' n! z — ' n! 

n=0 n=0 

It is clear that T*(a) = (— 1) 2 n (" _1 Hri n (a) where tri n (a) = sin (a) if n is even and cos (a) other- 
wise. On the other hand, T*(a) can be written as T*(a) = cosec (a) ^fc=o (fe)^ ^kh n -k( co ^ ( a )) 
where hi(a) is the polynomial in a of degree Z defined by (1 + a tan (i)) -1 = ^z=o ^i( a )fr (note 
that hi is even if Z is and odd otherwise). 

For a Dirichlet character x modulo N, define the sequence {A^(k, x)}n>o as follows; 

(i) The case N = 1 (i.e., x = 1 and k = 2k) : For n G Z> , let A£ n+1 (2fc, 1) = and 



(3.8) ^ n (2fc,l): 



£r fc >o V2ni + l,...,2n fc + i;^ 

'~ ri fc ~ n 



.l,...,n fc >0 |=1 
h'lfc— n 
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(ii) The case N = 2 (i.e., \ — Xi 

E 



(2) 

,e -> X = Xi an( i K = 2fc) : For n G 



(3.9) ^ n (2A;, X S 2) ) : =< 



2n 



;> , let ^ n+1 (2A:,xS 2) ) = 0and 



TT^lH l" rl fc~ ri ' 



(iii) The case N > 3 : Define 



«-l,--- 3 «-fc>0 
"■lH \~ n k =n 



k 

[2 ni , 2n .,2n k )^ E2n ^ llni 



(3.10) <(j;«,x): 
and let 



E 2 „ L.".,J (rk(^))cF"'"' a.i^» 



hn K -n 



£ = 1 



(3.11) J2 n )U A n,(r,^X)x(j)^- 

n u ...,u^>0 \ n l*'-> n N/ j=1 

IllH hl J y- = 1 

Example 3.3 (The case x = X-4)- Let E n (x) be the Euler polynomial defined by Jq^ = 
En=o E n(xVii - Note that £ n = 2 n E n {\). Then, since 



V2 



cosec f — ~\~ t ) 

; cos (t) + sin (i) 



y/2(i + 1) 2e Ait -l V2{i- 
2 e 4it + 1 ~ 



1) 2e~ iU 



e -4it + i > 

we see that T*(f ) = (-l)i n ( n + 1 )2^ J E n (|). While on the other hand, it is clear that T'(f ) = 
2-2(-l)2™("- 1 ). Hence, from definitions (3.10) and (3.11), we have 

(3.12) ^(k,x-4)=^(1;«,X-4) 



= < 



E 

^ \ni,...,n K 

niH \-n K —n 



-i)!Er=i^("i-i)£p=i^ 



(w = •), 



re(2d+l) 

2^^ 



E 



vni 

^l,...,n K >0 

niH h»re=' 



n J(n^(|))(-i)^--^cF-' ni <*=*). 



Put e w := ^ti, that is, e. = and e* = 1. We then obtain the following theorem which 
jives extensions of the formulae for obtained in [23, 6] for the case u = • and [22] for u = * 
(see also [29]). 

Theorem 3.4. Let x be a Dirichlet character modulo N and k = 2k + e(x) > 1. Let 

(iV = 1, k = 2fc), 



£ d ^_ -|\fe(<i— e w ) 



((2d + l-e w )fc)! 
^(-l) fcd 
2 2M (2A;ci)! 

^ s (JV > 3). 

(jV2d-6 W 2(JV-i)e w )i («d)! " 
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Then, we have A^(k, \) =0 if k \ n and 

(3-13) L^Y'AxY) = C^xW Kd (K, X )^ d . 

Proof. Let N > 3. It is straightforward from the definitions of T^(a) to see that 



(3.14) 



N K 

nn 

j=i i=i 



7T 



0-xti)hlt) 

N 



sin ■ 



(-l) n (1Tt\n 



n=0 



n! ViV 



In fact, when w = •, the left-hand side of equation (3.14) is given by 



N oo 



n e rktf)^ * x(i)ic ^"' 

j=l m,...,n K =0 ;=l 



N oo 



AT 



I^^(i; K , X )- 



(-1)" /7TX0')«* 



j=l n=o 



TV 



)' 



iV 



ni,...,nj?=a j=l 
n=0 

The case when oj = * is similar. Therefore, from equation (3.4), we have 
X(n)i re - 



(-l) n /7rx(j)** 



N 



(3.15) 1(1 



71=1 



n=0 I ' ) 



Hence, comparing the coefficients of t Kd in expressions (3.1) and (3.15), we see that A%(k, x) = 
if ac \ n and obtain formula (3.13) for N > 3. 

One can similarly obtain formulae (3.13) for the other cases, that is, N = 1 or iV = 2, by 
using the expansions 



(3.16) 



sin 



cos 



(*) = £ 



i i n 

J J ^.2n+l 



n=0 

oo 



(*) = £ 



(2n + l)! 

(-l)" .2n 

(2n)! ' 



cosec 



sec 



{t) = ^ (-l)n-l( 2 2n _ 2)jB2 ^ 2n i 



(2n)! 



(t) = £ ( ~ 1 _ ) "5 2w t 2 ". 



n=0 

oo 



n=0 v ' n=0 

Actually, for example let Af = 1. Then, from (3.2), we have 

oo oo / % 2k 

E4^({2^;{l} d )^ = n(l- ^ 

d=0 n=l 

' oo 



(2n)\ 



(3.17) 



2fc 



=n 

i=i 

l) n ir 2n 



sin (7rC 2fc t) 



X>'n(2M) (2n + A;)! * 2n 
l,n=0 



(2ra)! 
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In the last equality with u = • (resp. uj = *), we have used the expansion of sin (t) (resp. 
cosec (t)) in (3.16). Now comparing the coefficients of t 2kd on both side of (3.17), we have 



A* kd (2k,iy kd (u=* 



L" d {{2k} d ;{l} d ) (=am} d )) 

- * 

~ (2kd)\ 

whence the desired formula follows. This completes the proof of the theorem. 



e-(-l) 



kd 



(2kd + k)\ 
e d (-l) kd - k 



A' 2kd (2k,l)7T 



2kd 



(u = • ), 



□ 



Example 3.5 (The case x = 1). The following results are well known (see [6, 22]): 



K = 2k 


2 


4 


6 


c d m d ) 


1 _2d 
(2d+l)\ n 


(4^+2)!^ 


3 . 2 bd+l Qd 

(6d+3)\ n 


c d m d ) 


(-l) d - 1 (2 M -2)B 2d „2d 
(2d)! n 







Notice that, from expression (3.13), we have Q({4:} d ) = ((2 4d + 4)5 2d (-l) - 45 2d (-4))7r 4d /(4d)! 
where 5fc(t) := Yln=o (2n)* n ^ 2n ^2fc-2n- However, we do not know whether the expression can 
be reduced to a "simpler" (or "closed") form, because it would appear to be difficult to simplify 
the sum Sk(t) for a general t 6 C (see [12] for the comment on Sk(— 1)). We remark that, on 
the other hand, it is well-known that Sfc(l) = — (2k — \)B 2 k for k ^ 1 and S'i(l) = 3. 

Example 3.6 (The case X = Xi )• We obtain the following results: 



K = 2k 


2 


4 


6 




1 ^ 

2 2d (2d)! " 


1 „Ad 

2 2d (4d)! " 


3 _6o! 
4(6^)!^ 


m{K} d ;{ X { ?} d ) 


(~l) d E 2d 2d 
2 2d (2d)l " 







From expression (3.13), it can be expressed as L d ({4} d ; {xf ] } d ) = T 2d {-l)-ir 4d /(2 Ad (4d)l) where 
Tk(t) ■■= En=o {f n Y n E2nE2k-2n- We also note that T k (l) = 2 2k + l E 2k+1 (l) for k > (see [12]). 

Example 3.7 (The case x = X-a)- We obtain the following results: 



k = 2k + 1 


1 


3 


5 


^({^;{x- 4 } d ) 




(_1)4^D.3 3d 




2 M d! ^ 


23 d +!(3d)! " 


2 5d + 2 (5d)! 


^({^;{x- 4 } d ) 


(-1)^-1)^(3)^ 







Here, L d is the Lucas number defined by the recursion equation L\ = 1, L2 = 3 and L d = 
L^_! + L^„ 2 for d > 3 (it can be shown that L d = a d + f3 d where a = 1+ 2 V ^ and (3 = 
Note that it is obtained in [6] that Q({W} d ) = 2 wd+1 ■ 5(L 10d+5 + l)ir wd /(Wd + 5)!, and can 
be similarly shown that L*({10} d ; (xfV) = H L iod + l)7r 10d /(2 4 (10d)!). 
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4 Summation formulae for the Bernoulli and Euler numbers 

From Theorem 2.1 and Theorem 3.4, we immediately obtain the following corollary: 
Corollary 4.1. It holds that 



□ 



The above equation expresses many (non-trivial) relations among the generalized Bernoulli 
numbers. We here give several formulae involving the Bernoulli and Euler numbers. 

(2) 

Example 4.2. Let x = 1 an d X = x\ ■ Then, from expression (4.1), we have respectively 

U9) y £ M (-i)^ p ^(-i) fc ^(2M) 

K ' 2«(") 2kfl 22^((2d + l-^)fc)!' 

u , ) ^ (-l)^ng(^-l) _ ^(2fe,xj 2) ) 

l4 ' dj 2^) 2feft " 2 2 ^(2^)! ' 

(2) 

These expressions show that both finite sums A^ kd (2k, 1) and A2 kd (2k,x\ ) can be written as 
sums of products of the Bernoulli numbers. On the other hand, putting d = 1 and u = • in 
expressions (4.2) and (4.3), one can also see from definitions (3.8) and (3.9) that B 2 k (k > 1) 
has the following expressions in terms of the multinomial coefficients and the fc-th root of unity: 

rt^ H h^fc=fc 

(45) = 2— (2--1) reii 5^ (2n 1; 2 ",2 J^ 1 " ' 

^lH hfijt=fc 

Formula (4.4) was essentially obtained by Nakamura [23] (one can easily check that expression 
(4.4) is equivalent to (2.2) in [23]). Furthermore, putting k = 1 and to = * in expression (4.2) 
(resp. (4.3)) and noting A^frx?) = (2 2d - 2)B 2d (resp. A* 2d {2, X f ] ) = E 2d ), we obtain an 
expression for B 2d (resp. E 2d ) (d > 1) in terms of a sum of products of the Bernoulli numbers: 

(4 - 6) 52d - - md --zm- 11 



(2* -2)^ 2*0 11(2/,,)! 



(4.7) £ M = 2 M (2d)! £ _i_L^ J](2 2 ^ -1)J 



2 Mj 



z 2 %) ±y "11(2^) 

/ihd p j=l j=l r -" 

Formula (4.6) was obtained by Ohno in [26]. 
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Example 4.3. Let x = X—&- Then, formula (4.1) yields 

UR) ^ ( -i)^^)nr(^-i) g n _ e ^(-i)¥^(ic,x-4) 

Similarly to expressions (4.4) and (4.5), putting d = 1 and u = • and writing k = 2k + 1, we see 
from expression (3.12) that E^fc (A; > 0) can be written as 

(4.9) £ ( 2t+1 "eg?''"'. 

(2fc + l)2^ ^ \n 1 ,...,n 2 k+ij + 

niH hn 2fe + 1 =2fc+l 

5 Special values at non-positive integers 

It has been shown that, in some special cases, L d (si, . . . , s^ 4 , Xi> • • • > Xd) can De continued mero- 
morphically to the whole space C d and has possible singularities on Sd = 1 and Yjk=i ^d-fc+i £ 
Z<j for j = 2, 3, . . . , d (see [3, 21, 32] when Xj = 1 for all j, and [1] when xii • • • >Xd are °f the 
same conductor. One can also obtain more precise information about the singularities from these 
references.). Hence, in such cases, it is easy to see that L* d {s\, . . . , s^; Xi> ■ ■ ■ > Xd) also admits a 
meromorphic continuation to C d with the same possible singularities since L* d can be expressed 
in terms of L d , for 1 < d! < d. In this section, we study a special value, called a central limit 
value, of L d (si, . . . , Sd', {x} d ) at si = • • • = = — k where k = 2k + e(%) is a non-negative inte- 
ger. Since it is seen that such a point is a point of indeterminacy of the function, to define the 
value, we have to choose the limiting process of (si, . . . , Sd) — ► ( ) (for more precise 

details, see [3, 2]). Here, the central limit values (L d ) c (si, . . . ,Sd', Xii ■ ■ ■ > Xd) are defined by 

i L d) C { s ii ■ ■ ■ , Sd',Xi, ■ ■ ■ ,Xd) ■■= ]™ ^{si + S, ■ ■ ■ , s d + 5;xi, ■ ■ ■ , Xd) ■ 

We then obtain the following results, which give generalizations of the formulae for obtained 
in [17, Corollary 2 (ii)]. 

Theorem 5.1. (i) For N > 1, it holds that 



(5.1) (L-dfm d -Ax[ N Y) = \ £dJ ~ 1) \d) {N - 11 

[0 (N>2), 

(5.2) (L d J f{{-2k} d ;{ X [ N) } d )=0 (k G N). 

(ii) If x is non-principal, then, for n = 2k + e(x) > 0, we have (L d ) c ({ — K} d ; {x} d ) = 0. 
Proof. We start from the equation YlT=o £ i^d (i s } d 'i {x} d )t d — ex P( £ wE n >i n^( ns i^ n )* n ) 



which is obtained from expressions (2.2) and (2.5). Note that this is valid for any s € C 

K+l 

B r , 



unless (s, . . . ,s) is a singularity of Lj. Hence, using the formula L{— k, x) = — Bk ^' x , we have 



(5-3) E^fU-^M'X = exp (- e „^ 

d=0 n=l \ ' 
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We first assume that x is n °t principal. Then, noting (n«+l) + e(x n ) = 2n{k + e{x)) + 1 = 1 
(mod 2) (here we have used the identity e(x n ) = ne(x) (mod 2)), we have B nK+ i t 
all n > 1 because B 



equation (5.3) is identically equal to e° 
\ 

(5.4) 



= for 

if m + e(x) = 1 (mod 2). This implies that the right-hand side of 
1, whence the claim (ii) follows. 



We next let x = Xi ■ Note that 



m,{xi )" 



B (N) 



P m - X )-B ri 



(m £ Z> ). 



prprimc 
p\N 



Therefore, writing k = 2k for k G N in equation (5.3) and using Bmk+\ = 0, one similarly 
obtains equation (5.2). To prove equation (5.1), we further set n = 2k = in equation (5.3). 

by equation (5.4), we obtain the claim. On the other hand 

the right-hand side of equation (5.3) can be written as 



When N > 2, since B_, . < N) . 

l 

2' 



when N = 1, since B\ 

9 ' n 



cxp 



2 " n 

n>l 



ex p( Y^gC 1 -*] 



(l-t) 



2 



d=0 



This shows the claim. 



□ 



Remark 5.2. By employing a "renormalization procedures" in quantum fields theory, one can 
also define values of multiple zeta functions at non-positive integers. For further details, see 
[5, 13, 14, 20] and references therein. 

6 Concluding remarks 

6.1 Multiple zeta functions attached to the Schur functions 

It may be interesting to find a function Ca( s i> • • • i s d) f° r a partition A h d such that C(i d ) = C* an d 
C (d) = Q- Recall that C*({4 d ) = e d (n~ s ) and Q({s} d ) = h d {n~ s ) where n s = (l~ s ,2^, . . .). 
Therefore, since Sf X d\ = &d and s^) = hd where s\ is the Schur function attached to A (see [19]), 
such a function £\ can be regarded as a "multiple zeta function attached to s\" : 



Find! 



(\(si,...,s d ) 



A=(l d ) 



Q(s!,...,S d ) 



Si = ■■ 



= s d = s 



Q(si,...,s d ) 




Question 6.1. For a fixed X, are there any relations (such as a sum formula or a duality) 
among the values Ca(^i> ■ ■ ■ > k d ), which interpolate the relations for C d (ki, ■ ■ ■ , k d ) ? 
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6.2 Alternating multiple zeta functions 

Let 

a(sT, . . . ,55) := £ 1 ' W = • • • , s d ; Wl} d ) , 

If L-\ ' ' ' f I tjt 

where (p'L^m) := Cat™ for 1 < a < N. This is an alternating analogue of Cd ( s ij • • • > s d)- When 
u = •, the values at positive integers and their relations have been studied in [6, 8]. Similarly 
to the proof of Theorem 2.1, using expression (2.1) with the specialization x n = (— l) n n~ s , we 
get the following expressions of ( d ({s} d ) in terms of a sum over partitions of d (note that this 
series also converges for s = 1): 

[ F u f_i)%)+ li T i fr"' (2^~ l - 1) _ 1 

f £ <J f_iyOfe) TT^-o ( '2 2fc ^- 1 - 1) „ 1 

Cd ({2Ar} ) = (-1) 2 O " 2 ^)+ 2fc l^°l GQvr (fe € N). 

These follow from the identities L(l;tp\) = — log 2 and 

{2 2k H~ 1 - l 
~ 2 2k N -i C(2fc/xj) if /ij is odd, 
C(2kfij) otherwise. 

Furthermore, since FKLi(l - 2 ^)" eto = IT =1 (1 - (g^)^ " ^(ID"^ 

then, upon using formulae (3.2), (3.3) and (3.16), we have 

{ £ t(~l) k( * d £ ^A% kd (2k,<pl) 2kd 
(6 - 1} Cd({2k})= 2 2kd ({2d + 1 _^ )k)] - . 

where {A%(2k,<pl)} n > is defined by A% n+1 (2k,tpl) = and 



p,q>0 



Formula (6.1) can be straightforwardly obtained from (35) in [6]. 
6.3 A higher-rank generalization 

Let Sij 6 C and fij be arithmetic functions for 1 < i < r and 1 < j ' < d. Write S = (sij) and 
F = (fij) (r x d matrices). We introduce the following "higher-rank" multiple L-function: 

r d\ i j / j J_J_ m Slj . . . m Sr: > 

{m\...,m^ r I%3=l !i ^ 
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where m? = (mij, . . . , m r j) G N r for 1 < j < d and r I% C (N r ) <i is defined by 

r 1 d ■- 



{(m 1 , . . . ,m d ) G (N r ) d | m 1 < ■ ■ ■ < m d ] (uj = • ), 
{(m 1 ,...,m d ) G (N r ) c( |m 1 < ■■■ < m d } (w = *). 



Here, we are employing the lexicographic order on N r . Namely, (mi, . . . ,m r ) > (m, . . . ,n r ) if 
mi > n l5 or mi = ri\ and 7712 > n 2 , or mi = m, nri2 = n 2 and m.3 > n.3, and so on. Clearly, 
i/£ = and l£ w _ L w As for the case r = 1; we write r ^(5) as r L^(5'; (1)). 

By induction on <i, it is shown that the function r L^(S; F) can be expressed as a polynomial 
in L^, (t\ , . . . , ttf ; 51 , • • • , gd' ) for 1 < d' < d where tj is a sum of and g\ is a product of fa . 
For example, we see that 



■Lf((s a );(fa)) =l[L(sa;fa), 

i=i 

r p—1 r 

rL%{(sij);(fij)) = JjL(sji + s i2 ; fiifi2)L2(s p i,s p2 ; f p i, f P 2) L(sn; fn)L(s i2 ; fa)- 



p=l i=l i=p+l 

Here, the prime ' means that we replace • by u in the summand for p = r. Hence, if fa are 
bounded for all i,j, then we see from the expression of r L^ in terms of L^, that the series 
r Lj(S; F) converges absolutely for Re (sij) > 1 for 1 < j < d — 1 and Re (sy) > 1 otherwise. 

Question 6.2. Are there any relations among the values r Q '((^y)) > which are generalizations 
of the relations for r = 1 ? 

Let us denote by {x\, . . . ,x r } d the r x d matrix (xij) such that xn = ■ ■ ■ = x^ = Xi for 
1 < i < r. Let x% be a Dirichlet character modulo iVj and ftj = Ki(ki,x) = 2fej + e(xi) for 
1 < i < r. Though the function r L^ is not new in the above sense, one can calculate the special 
values r L^({fti, . . . , K r } d ; {xi, • • • , Xr} d ) by our first method. In fact, we finally can obtain the 
following proposition: 

Proposition 6.3. Let \k\ := K\ + • • • + K r . Then, we have 

(6.2) r L% n r } d ;{ X i,...,Xr} d ) 

" ( j s*G5 l\ Nuba)"* Bmi Y • 

In particular, for k\, . . . ,k r G N with \k\ := k\ + • • ■ + k r> it holds that 

r C d ({2h, . . . , 2k r } d ) = (-1)1^2^1 ft^L \\B 2k X md € Q^K 

I fihd * i=i J 

Proof. Replacing the variable x n by x\ x ■ ■ ■ x r nr in (2.2), we have 

00 00 00 (jj r 

(6.3) J2 £ i v td)(y) td = II ( 1 -<---< r t )~ £u = J2 £ "{12f II^)}* d > 



ci=0 ni,...,n r =l d=0 /ihd p i=l 
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where y = (xL • • • x T n )m,...,nr>i ( we a l so arrange the variables in y in the lexicographic order 
with respect to (n±, . . . ,n r )) and x % = (x l n .) nt >i. Then, specializing x\. = Xi( n i) n i Ki hi (6.3), 

we see that the left-hand side of equation (6.2) is equal to Ylu\-d IT Y[l=i Ylj=l L(Ki/j,j; xf J )■ 
Therefore, one can obtain equation (6.2) by following the same approach as in the proof of 
Theorem 2.1. □ 

Remark 6.4. From expression (6.2), we see that 

r L d {{ K a(l), ■ ■ ■ , Sr)} d ; {Xa(l), • • • , Xa(r)} d ) = r-^d({«l, ■ ■ ■ , K r } d ] {xi, ■ ■ ■ , XrY) 

for any a 6 & r where & r is the symmetric group of degree r. 

Remark 6.5. It appears to be difficult to evaluate the values r L^({«i, . . . , K r } ; {xi, ■■■ , Xr} d ) 
for r > 2 by using the second method of the present study (that is, by using the expansions 
(3.16) of trigonometric functions). This is because the generating function obtained from (6.3) 
for these values is a "multiple" infinite product. 

Acknowledgement. The author would like to thank Professors Sho Matsumoto and Kazufumi 
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useful comments. 
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